We study theoretically the interaction between the charge dynamics of a few-electron double quantum dot and a capacitively-coupled AFM cantilever, a setup realized in several recent experiments. We demonstrate that the dot-induced frequency shift and damping of the cantilever can be used as a sensitive probe of coherent inter-dot tunnelling, and that these effects can be used to quantitatively extract both the magnitude of the coherent interdot tunneling and (in some cases) the value of the double-dot T 1 time. We also show how the adiabatic modulation of the dot eigenstates by the cantilever motion leads to new effects compared to the single-dot case.
Quantum dots have received significant attention both for their applications to quantum information and as laboratories for studies of fundamental physics. Self-assembled, epitaxial quantum dots (QDs) offer advantages over lithographically defined dots in terms of size, confinement potential, and scalability 1 . Their small size however makes direct electrical characterization (e.g. via transport) extremely difficult. An alternate approach uses an oscillating atomic force microscope (AFM) tip which is only capacitively coupled to the QD charge [2] [3] [4] [5] [6] . The dot charge acts as a force on the cantilever, and hence its dynamics can alter the cantilever frequency and damping rate. These effects provide detailed information on the dot, similar to that revealed by transport measurements or direct charge-sensing techniques (i.e. using a nearby coupled electrometer). It can even reveal subtle effects involving the interplay between orbital degeneracy and Coulomb blockade physics that are difficult to obtain by other means 5, 7 . In this work, we focus theoretically on new effects that arise when a low-frequency cantilever is coupled to a double quantum dot (DQD) (i.e. two QDs which are coupled capacitively and via coherent tunnelling 8, 9 ). Unlike the single-dot case, the cantilever is now sensitive to variations in the distribution of charge between the two dots. We find that this sensitivity leads to new mechanisms for a dot-induced cantilever damping and frequency shift. These effects are not solely the consequence of incoherent tunnelling to a reservoir (as is the case for a single dot), but instead depend sensitively on the strength of coherent tunnelling between the quantum dots. Our results are derived using a linear-response, quantum master-equation calculation; this extends the semi-classical Fokker-Planck treatments used so often in quantum electromechanics 5, [10] [11] [12] [13] [14] [15] to now include coherent interdot tunneling.
The most prominent new effects emerge in the vicinity of the so-called charge transfer line, where two DQD charge configurations having the same total charge are almost degenerate. In this regime, we find a new mechanism for DQDinduced cantilever damping that is enhanced by the relatively long time scale for charge relaxation. We show that this effect can be used to directly measure the T 1 time of the DQD. We also find a new mechanism for a dot-induced cantilever frequency shift near the charge transfer line. In this regime, the presence of coherent tunneling implies that the DQD energy eigenstates are superpositions of charge eigenstates. The oscillator motion can adiabatically modulate the corresponding wavefunctions, which gives rise to the new frequency-shift mechanism. Not surprisingly, as this effect is a direct consequence of having superpositions of charge states, it can be used to probe the strength of coherent interdot tunneling.
Model-Motivated by experiments 5,7 , we consider a setup where a self-assembled DQD sitting on a surface is capacitively coupled to an oscillating metallized cantilever; the dots are also tunnel-coupled to a two-dimensional electron gas (2DEG) sitting below the surface. The DQD is described by a standard Coulomb blockade Hamiltonian, plus a term describing coherent interdot tunneling (strength t c = |t c |). We will be interested in the few-electron regime where each dot has at most one electron, and thus retain only a single orbital in each dot; for simplicity, we also treat the case of spinless electrons, as including spin does not significantly change our results.
For a fixed cantilever position, we have:
whered † α is the electron addition operator for dot α = L, R. The charging HamiltonianĤ c takes the standard form 8 :
E Cα is the charging energy of dot α, E Cm describes their capacitive coupling, andn α =d † αdα is the dot α electron number operator. We focus exclusively on the Coulomb blockade regime where E Cα >> k B T . Finally,Ĥ res describes the 2DEG as a free electron gas, and dot-2DEG tunneling. We take the 2DEG to be in equilibrium at temperature T , and assume for simplicity that the 2DEG-dot tunnel matrix element is the same for both dots. We use Γ to denote the maximum Golden rule tunnel rate from a given dot to the 2DEG.
The only parameters inĤ DQD depending on the cantilever position r tip are the dimensionless gate voltages N α = −V B C tip,α (| r tip − r α |)/e, where C tip,α is the cantilever-dot capacitance, r α denotes the position of dot α, and V B is the voltage applied between the cantilever and the 2DEG. As demonstrated in Refs. 4-6, by varying the tip position at a fixed height above the DQD sample plane, one effectively varies N L , N R and thus maps out the well-known DQD "stability arXiv:1109.1445v2 [cond-mat.mes-hall] 9 Nov 2011 diagram" 8 (i.e realizes different ground-state charge configurations). One can thus effectively view N L , N R as independent parameters, similar to conventional gated devices.
We now allow the cantilever height z m to oscillate, letting z m = 0 denote its equilibrium position. The co-ordinate z m is well-described as a harmonic oscillator having a frequency ω m and mass m. The coupling between the oscillations and the DQD electrons arises solely through the dependence of the tip-sample capacitance (and hence N α ) on z m . For the small oscillations of interest, we can linearize this dependence. Eq. (2) then yields the DQD-cantilever interaction Hamiltonian:
where α = L, R andᾱ = R, L are complementary indices. In the last equality, we have introduced the electron addition energies E α+ = E Cα 1 − 2N α − E Cm Nᾱ associated with adding a single electron to dot α to an initially empty DQD state (i.e. zero electrons in either dot).
We are most interested in the regime where the total DQD charge is fixed at one, and where the electrostatic energy detuning δ = (E +L − E +R )/2 of the two relevant charge states |10 (electron on left) and |01 (electron on right) is small. In this regime, we can safely neglect charge states where the total DQD charge is larger than 2. Further, we will focus on DQDs where the coherent tunneling t c is much larger than both the DQD-2DEG tunneling rate Γ and the mechanical frequency ω m ; this condition is readily achieved in self-assembled QDs (cf. Ref. 16 ). It is thus useful to work in the basis of adiabatic eigenstates: the eigenstates ofĤ DQD determined by the instantaneous value of ẑ m . Two of the four eigenstates are simply charge eigenstates:
For the remaining eigenstates, note that Eq. (3) implies that the detuning δ will vary linearly with z m . We thus define:
The remaining adiabatic eigenstates are thus:
with corresponding adiabatic eigenenergies
For the low temperatures we focus on, the DQD will primarily occupy the states |2[z m ] and |3[z m ] , and thus will approximate the physics of a two-level system. Calculation-As a result of the coupling in Eq. (3), the average force from the dot F will respond with a delay to the motion of the oscillator resulting in both a spring-constant shift k dot and extra damping γ dot ; for the weak couplings of interest, this is fully described within linear response 17 . To quantitatively describe these effects in the regime ω m k B T , we derive a Lindblad master equation describing the DQD and cantilever. For a single-QD system, this approach yields a classical master equation with incoherent tunnelling rates set by the instantaneous oscillator position 5, [10] [11] [12] [13] [14] [15] . To extend this approach to include coherent tunneling, note that since we will calculate k dot and γ dot within linear response, we can without loss of generality replace the cantilever positionẑ m by its average value:ẑ m → z m (t) = z 0 cos(ω m t). Understanding how the DQD responds to this time-dependent classical field will then yield k dot and
, whereρ(t) is the Schrödinger-picture reduced density matrix of the DQD.ρ rot is simply the DQD density matrix in the adiabatic basis. Using the experimentally-relevant conditions
2 , and making BornMarkov and secular approximations, we obtain:
The first term on the RHS describes coherent evolution. Using Pauli matrices to describe the states |2 ≡ |2[0] , |3 ≡ |3[0] as a two-level system in the natural way, e.g.σ z = |3 3| − |2 2|, σ x = |3 2| + |2 3|,σ y = i(|2 3| − |3 2|), we find:
The last term here describes an effective state precession; its origin is the rotation of the adiabatic eigenstates brought on by z m (t). Note that similar adiabatic approaches have been used to study periodically-modulated, dissipative two-level systems, with the dissipation being treated phenomenologically [18] [19] [20] [21] [22] , or as a bosonic bath 23 . In contrast, our system is effectively a four state system, and the dominant dissipation due to 2DEG tunneling is treated microscopically.
The remaining terms on the RHS of Eq. (8) have the standard form of Lindblad dissipation. LettingŜ jk = | j k|, the superoperators D[Ŝ jk ] are defined as:
In the case where the total charge in states | j and |k differ by 1, Γ jk is simply a Fermi Golden rule rate for DQD-2DEG tunneling determined by the instantaneous eigenstate energies
In contrast, the rates Γ 23 , Γ 32 describe the intrinsic relaxation of the DQD (e.g. due to electron-phonon interactions), with 1/T 1,int ≡ Γ 23 + Γ 32 . We will treat such processes phenomenologically by taking 1/T 1,int to be a parameter. We also assume that the bath responsible for the intrinsic relaxation has the same temperature as the 2DEG; as such, the z m = 0 stationary solution of Eq. (8) is simply a thermal occupation of the states | j . To find the dot-induced damping and spring-constant shift of the cantilever, we use Eq. (8) to find the first-order-in-z m correction toρ rot , and use the corresponding change in F (t) to get γ dot and k dot in the standard manner (see, e.g., Ref.
17).
Basic mechanisms-In the low-frequency limit, the linearresponse results take the form:
where τ is an effective response time 17 . In the single dot case, the static susceptibility ∂ F /∂z m is just proportional to the charge susceptibility ∂ n tot /∂N . γ dot and k dot are thus only significant when the QD is tuned to a point where its total charge can fluctuate via 2DEG-QD tunneling; correspondingly, τ ∼ 1/Γ 7 . In contrast, these fluctuations of total charge are exponentially suppressed in a DQD near the charge transfer line. As we now show, γ dot and k dot are instead determined by the response and dynamics of the DQD charge distribution.
In the vicinity of the charge transfer line, the DQD-induced force operatorF takes the form (A δ = (A L − A R )/2):
It follows that both γ dot and k dot will have contributions from three distinct mechanisms, corresponding to the susceptibilities ∂ z m σ x , ∂ z m σ z and ∂ z m θ. The first of these involves the oscillator motion modifying the coherence between the |e and |g DQD eigenstates. This corresponds to the well-known resonant-damping mechanism of acoustic vibrations by a twolevel system 19, 20, 24 , and is strongly suppressed in our system as ω m t c ; we thus do not discuss it further. The remaining two mechanisms are important for our system, and we discuss their effects in turn.
Adiabatic frequency shift-Eq. (12) implies that asF has an explicit dependence on θ, the intrinsic z m -dependence of θ (cf. Eq. (5)) will cause a modulation ofF. Physically, this corresponds to the adiabatic modulation of the DQD eigenstates by the cantilever oscillation (via the cantilever's modulation of the electrostatic detuning δ). The corresponding oscillation in n L −n R causes a force oscillation which is in phase with z m (t); it thus contributes to the DQD-induced spring-constant shift k dot . One finds simply:
where the RHS should be evaluated at z m = 0. Note that as we focus on a small cantilever frequency ( ω m t 2 c /(z 0 A δ )), non-adiabatic Landau-Zener transitions will have negligible probability and can be safely neglected. Such non-adiabatic transitions were recently studied in a two-mode optomechanical system 25 ; unlike our work, the focus was on the regime where ω m was much larger than the effective tunneling t c . We stress that k dot,ad is a direct consequence of having coherent interdot tunneling, and vanishes in the limit t c → 0. It is most pronounced at low temperatures (k B T < t c ), where it gives rise to a feature near the charge transfer line whose width (in δ) is ∼ t c . Further, at such low temperatures this effect dominates all other contributions to k dot near the charge transfer line. It thus provides a direct means for both detecting the presence of coherent interdot tunneling, and for measuring its magnitude.
Shown in Figure 1 is a full calculation of the DQD-induced frequency shift ∆ω = k dot /(2mω m ) obtained using Eq. (8) and linear response, keeping all contributions. We have used experimentally-relevant DQD and cantilever parameters; see caption for details. The lower inset shows results for a small value of t c ; similar to a single QD system, the only appreciable frequency shift occurs at charge addition lines where lead tunneling is strong and the total dot charge can fluctuate. In contrast, for a larger value of t c , one obtains a large frequency shift along the charge transfer line, in agreement with Eq. (13). Again, seeing this effect provides a direct probe of coherent interdot tunneling. Note that there exists a somewhat similar adiabatic contribution to the TLS -acoustic wave interaction in glasses 21 , but that it is neglected in the standard early treatments [18] [19] [20] .
Effective TLS damping-Eq. (12) indicates a second mechanism which contributes to k dot and γ dot near the charge transfer line: the cantilever's modulation of σ z , the population asymmetry of the two low-energy DQD eigenstates. This corresponds directly to the well-known mechanism of nonresonant damping by a two-level system (TLS), studied in the context of acoustic damping in glasses [18] [19] [20] [21] [22] [23] 26 . On a heuristic level, the cantilever oscillations cause the DQD splitting ∆ to oscillate (cf. Eq. (7)), which in turn causes the occupancy of the states |2 , |3 to oscillate. The corresponding oscillations in σ z (and hence F ) are phase shifted with respect to z m (t) due to the finite DQD T 1 time; the mechanism thus contributes both to γ dot and k dot . This mechanism for damping relies on the DQD being coupled to a bath (e.g. the reservoir electrons) which allows its populations to re-equilibrate in response to changes in the splitting energy ∆; hence, the energy dissipated is ultimately transferred to this bath. Note also that this mechanism is suppressed at low temperatures k B T ∆, as in this case the DQD is always in its ground state.
We find that the DQD-induced damping due to this process is given by:
in agreement with previous works [18] [19] [20] . Unlike previous works, in this system one knows the precise microscopic nature of the TLS (i.e. an electron in the DQD), and also knows at least some of the processes contributing to its relaxation time T 1 . For our model of spinless electrons, we find:
where β = 1/(k B T ). The first term in the relaxation rate corresponds to relaxation processes involving 2DEG-DQD tunneling and an intermediate state where the total DQD charge is either 2 or 0; note that this term depends explicitly on both ∆ and¯ , and will thus vary as one moves (in gate voltage space) along and away from the charge transfer line. The form of this term corresponds to the simple case of spinless electrons and equal dot-2DEG tunnel couplings; the more general form is given in Appendix B. The second term in Eq. (15) describes intrinsic relaxation processes in the DQD (e.g. due to a coupling to phonons). Note that for this mechanism (i.e. theσ z contribution toF), T 1 plays the role of the response time τ in Eq. (11) . One might naïvely think that significant dot-induced damping could only occur near charge addition lines where DQD-2DEG tunneling is strong. However, for a low frequency cantilever, we see that near the charge transfer line, γ dot scales as T 1 ; in contrast, the more conventional γ dot mechanism near a charge addition line scales as 1/Γ. Thus, if T 1 Γ > 1, this "TLS damping" mechanism can be equal to or even greater in magnitude than the more conventional damping peaks found near charge addition lines. This behaviour is shown in Figure 2 , where we use our full calculation to plot the DQD contribution to the cantilever damping, γ dot . It is interesting to note the presence of coherent tunneling causes the effect to vanish at δ = 0, as ∆ has no linear dependence on z m here. One can thus use the suppression of this damping effect on the charge transfer line as a direct probe of coherent interdot tunneling.
Measuring T 1 -In the simple case of a low frequency cantilever and a single mechanism contributing to both k dot and γ dot , Eq. (11) suggests that one can simply measure the relevant response time τ by taking the ratio of the two effects, without having to precisely know the strength of the dotcantilever coupling. A similar approach can be used to extract the DQD T 1 time near the charge transfer line, though more care is needed, as there are two mechanisms contributing to k dot . First, note that the γ dot as given by Eq. (14) is only appreciable for k B T ∆. For k B T ∆, one finds that the two spring constant mechanisms combine in a particularly simple manner, and that the damping versus spring constant shift ratio takes the simple form:
By fitting the experimentally-measured γ dot and k dot to this formula near the charge transfer line, one can thus get a direct measure of the DQD T 1 time. This shows an advantage of this technique over conventional charge-sensing: as one is measuring dynamic phenomena (as opposed to simply the average value of the charge in the two dots), it is possible to directly extract important DQD timescales. Conclusions-Using a somewhat novel master equation approach in conjunction with linear response, we have studied theoretically how charge dynamics in a DQD can cause damping and frequency shifts of a low-frequency mechanical resonator (such as an AFM tip). Qualitatively new effects arise compared to the case of a single dot due to the cantilever's sensitivity to charge distribution, and due to the presence of coherent interdot tunneling. We demonstrated that these effects could be used to detect and measure the magnitude of coherent tunneling, as well as extract the DQD T 1 time near the charge transfer line.
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